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Abstract
The Black-Scholes model anticipates rather well the observed prices for op-
tions in the case of a strike price that is not too far from the current price of
the underlying asset. Some useful extensions can be obtained by an adequate
modification of the coefficients in the Black-Scholes equation. We investigate
from a mathematical point of view an extension directly related to the quan-
tum harmonic oscillator. In the considered case, the solution is the sum of a
series involving the Hermite-Gauss functions. A finite-dimensional version is
obtained by using a finite oscillator and the Harper functions. This simplified
model keeps the essential characteristics of the continuous one and uses finite
sums instead of series and integrals.
Keywords: econophysics, Black-Scholes equation, quantum finance, finite
quantum systems, quantum harmonic oscillator
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1. Introduction
Black-Scholes (BS) equation, one of the most important equations in
econophysics, is usually solved by using its direct connection with the heat
equation. The option price V (S, t) at the moment t is a function of the
stock price S at the considered moment of time. The function V (S, t) can be
expressed through a change of independent and dependent variable in terms
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of a function u(x, t) satisfying the heat equation. The solution V (S, t) of BS
equation which coincides with the payoff function at the maturity time T is
directly obtained from a solution of heat equation satisfying a certain initial
condition.
BS equation is very useful in finance, but it describes only an idealized
case (constant volatility and risk-free interest rate). Some additional effects
can be included by using an adequate modification of coefficients [1]. In this
paper, we consider only the case of a generalized Black-Scholes (GBS) equa-
tion obtained by adding a certain potential to the last coefficient. In the case
of a GBS equation a direct reduction to the heat equation seems to be im-
possible. The method of separation of variables can be used as an alternative
tool. By looking for solutions having a particular form (separated variables),
the GBS equation which is a differential equation with partial derivatives is
reduced to a family of ordinary differential equations in one variable x and
depending on a parameter ε. More than that, for the considered GBS equa-
tions the corresponding equations in one variable are Schro¨dinger equations.
Two particular cases of GBS equation have been investigated by Jana
and Roy in [12]. Their purpose was to obtain a supersymmetric partner for
each of them and to compute the pricing kernel in all the cases. We consider
the case related to the quantum harmonic oscillator and we present:
- a solution in terms of Hermite-Gauss functions,
- a class of supersymmetric partners depending on a continuous para-
meter α, and the corresponding solutions,
- a finite-dimensional approach based on a finite-difference operator, the
finite Fourier transform and Harper functions.
2. Black-Scholes equation
We present, by following [15], a short review concerning the use of the
heat equation in order to offer the possibility to compare it with the approach
based on the separation of variables. It is well-known that BS equation
∂V
∂t
+
σ2
2
S2
∂2V
∂S2
+ rS
∂V
∂S
− rV = 0 (1)
for the European option price V (S, t) is equivalent to the heat equation
∂u
∂τ
=
∂2u
∂x2
(2)
2
whose solution for the initial condition u(x, 0) = u0(x) is
u(x, τ) =
1√
4πτ
∫ ∞
−∞
e−
(x−ξ)2
4τ u0(ξ) dξ. (3)
The solution of the Black-Scholes equation can be obtained in closed-form
by using the change of independent and dependent variables
S=Kex, t=T− 2τ
σ2
, V (S, t)=K e−γx−(γ+1)
2τ u(x, τ) (4)
where
γ = r
σ2
− 1
2
(5)
T is the maturity time, S the stock price, K the strike price, σ the volatility,
and r is the risk-free interest rate. In terms of the new variables, the payoff
functions
VC(S, T ) = max{S−K, 0}, VP (S, T ) = max{K−S, 0} (6)
become
uC(x, 0)=max{e(γ+1)x−eγx, 0}, uP (x, 0)=max{eγx−e(γ+1)x, 0} (7)
and by denoting
Φ(ζ) =
1√
2π
∫ ζ
−∞
e−η/2dη (8)
the Black-Scholes formulas for the values of a European call and put option
can be written in the closed form
VC(S, t) = S Φ(d1)−K e−r(T−t) Φ(d2)
VP (S, t) = K e
−r(T−t) Φ(d1)− S Φ(d2)
(9)
with
d1 =
log(S/K)+(r+ 12σ
2)(T−t)
σ
√
T−t , d2 =
log(S/K)+(r− 12σ2)(T−t)
σ
√
T−t . (10)
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3. A generalized version of Black-Scholes equation
Let us consider the more general version of Black-Scholes equation
∂V
∂t
+
σ2
2
S2
∂2V
∂S2
+ rS
∂V
∂S
+ (σ2 U(lnS)− r)V = 0 (11)
defined by using a function U : R −→ R, called a potential [1]. The function
with separated variables
V (S, t) = eεt S−γ φ(lnS) (12)
where γ is the constant used in the previous section, is a solution of equation
(11) if and only if φ(x) is a solution of the Schro¨dinger equation
− 1
2
d2φ
dx2
+ U(x)φ = λφ (13)
with
λ = ε
σ2
− 1
2
(γ+1)2 . (14)
The explicitly solvable cases
U(x) = 0 and U(x) =


∞ for x ≤ a
0 for a < x < b
∞ for x > b
(15)
have been analyzed in [12] by using the factorization method. A super-
symmetric partner has been obtained for each of them. Our purpose is to
investigate the case U(x) = x
2
2
lying, in a certain sense, between the cases
(15). We present a solution in terms of Hermite-Gauss functions, a family of
supersymmetric partners depending on a continuous parameter α, and the
corresponding solutions.
4. A version related to the quantum harmonic oscillator
The modified Black-Scholes equation
∂V
∂t
+
σ2
2
S2
∂2V
∂S2
+ rS
∂V
∂S
+
(
σ2
2
(lnS)2 − r
)
V = 0 (16)
4
is directly related to the Schro¨dinger equation of the quantum oscillator
− 1
2
d2φ
dx2
+
x2
2
φ = λφ. (17)
The function
Ψn : R −→ R, Ψn(x) = 1√
n! 2n
√
π
Hn(x) e
− 1
2
x2 (18)
where Hn is the Hermite polynomial
Hn(x) = (−1)nex2 d
n
dxn
(
e−x
2
)
(19)
satisfies the equation
− 1
2
d2Ψn
dx2
+
x2
2
Ψn =
(
n+
1
2
)
Ψn for any n∈{0, 1, 2, ...}. (20)
The system of Hermite-Gaussian functions {Ψn}n∈{0,1,2,...} is orthonormal
∫ ∞
−∞
Ψn(x) Ψk(x) dx = δnk =
{
1 if n = k
0 if n 6= k (21)
and complete in the Hilbert space of square integrable functions
L2(R) =
{
ψ : R −→ C
∣∣∣∣
∫ ∞
−∞
|ψ(x)|2dx <∞
}
. (22)
In view of the result obtained in the previous section, the function
Vn(S, t) = e
εnt S−γ Ψn(lnS) (23)
where
εn = nσ
2 + σ
2
2
+ σ
2
2
(γ+1)2 (24)
is a solution of equation (16). If the coefficients cn are such that the function
V (S, t) = S−γ
∞∑
n=0
cn e
εntΨn(lnS) (25)
exists and can be derived term-by-term then it is also a solution of (16). We
choose 0 < a < b such that the interval (a, b) is large enough to contain all
5
the possible values of the stock price S, and consider the square integrable
payoff functions
vC(S) =


0 for S < K
S−K for K ≤ S ≤ b
0 for S > b
(26)
vP (S) =


0 for S < a
K−S for a ≤ S ≤ K
0 for S > K
(27)
Since
δnk =
∫ ∞
−∞
Ψn(x) Ψk(x) dx =
∫ ∞
0
1
S
Ψn(lnS) Ψk(lnS) dS , (28)
from the relation
vC(S) = S
−γ
∞∑
n=0
cn e
εnT Ψn(lnS) (29)
we get
cn = e
−εnT ∫∞
0
vC(s) s
γ−1Ψn(ln s) ds
= e−εnT
∫ b
K
(s−K) sγ−1Ψn(ln s) ds.
(30)
The solution of the equation (16) is
V (S, t)=S−γ
∞∑
n=0
eεn(t−T )Ψn(lnS)
∫ b
K
(s−K) sγ−1Ψn(ln s) ds. (31)
In the case of the put option the solution of (16) is
V (S, t) = S−γ
∞∑
n=0
eεn(t−T )Ψn(lnS)
∫ K
a
(K−s) sγ−1Ψn(ln s) ds. (32)
If the real parameter α is such that |α|> 1
2
√
π then the potential [13]
Uα(x) =
x2
2
− dgα
dx
(x) (33)
where,
gα : R −→ R, gα(x) = e
−x2
α+
∫ x
0
e−u2du
, (34)
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is a supersymmetric partner of U(x)= x
2
2
. The functions
ϕ0, ϕ1=AΨ0, ϕ2=AΨ1, ϕ3=AΨ2, ...
where
ϕ0(x) = e
−x2
2 exp
(∫ x
0
gα(u) du
)
(35)
and A is the first order differential operator
A = 1√
2
(− ddx+x+gα(x)) , (36)
belong to L2(R) and are orthogonal. The corresponding orthonormal system
Φ0=
ϕ0
||ϕ0|| , Φ1=
ϕ1
||ϕ1|| , Φ2=
ϕ2
||ϕ2|| , ...
is complete in L2(R) and [8, 13]
− 1
2
d2Φn
dx2
+ Uα(x) Φn =
(
n+
1
2
)
Φn for any n∈{0, 1, 2, ...}. (37)
The solution of the modified Black-Scholes equation
∂V
∂t
+
σ2
2
S2
∂2V
∂S2
+ rS
∂V
∂S
+ (σ2 Uα(lnS)− r)V = 0 (38)
satisfying the condition V (S, T ) = vC(S) is
V (S, t) = S−γ
∞∑
n=0
eεn(t−T ) Φn(lnS)
∫ b
K
(s−K) sγ−1Φn(ln s) ds (39)
and the solution satisfying the condition V (S, T ) = vP (S) is
V (S, t) = S−γ
∞∑
n=0
eεn(t−T ) Φn(lnS)
∫ K
a
(K−s) sγ−1Φn(ln s) ds. (40)
5. An approach based on a finite quantum oscillator
The Hamiltonian of the quantum oscillator can be written as
H = −1
2
D2 +
1
2
x2, where D=
d
dx
(41)
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The inverse of the Fourier transform
ψ 7→ F [ψ], F [ψ](x) = 1√
2π
∫ ∞
−∞
e−ixξ ψ(ξ) dx. (42)
is the adjoint transformation
ψ 7→ F+[ψ], F+[ψ](x) = 1√
2π
∫ ∞
−∞
eixξ ψ(ξ) dx (43)
and
F [Dψ] (x)=ixF [ψ](x), F
[
D2ψ
]
(x)=−x2 F [ψ](x). (44)
If in the last formula we put F+[ψ] instead of ψ then we get
FD2F+[ψ](x) = −x2 ψ(x) (45)
and we have
H = −1
2
(D2 + FD2F+). (46)
In order to obtain a finite counterpart ofH , we consider a positive odd integer
d=2ℓ+1 and the set [7]
Rd={−ℓ
√
κ, (−ℓ+1)√κ, . . . , (ℓ−1)√κ, ℓ√κ} with κ= 2π
d
.
The space l2(Rd) of all the functions ψ : Rd −→ C considered with the inner
product
〈ψ1, ψ2〉 =
ℓ∑
n=−ℓ
ψ1(n
√
κ)ψ2(n
√
κ) (47)
is a Hilbert space isomorphic to the d-dimensional Hilbert space Cd. Since
lim
d→∞
√
κ = 0 and lim
d→∞
(±ℓ)√κ = ±∞ (48)
we can consider that, in a certain sense,
Rd
d→∞−−−→ R and l2(Rd)
d→∞−−−→ L2(R). (49)
Each function ψ : Rd −→ C can be regarded as the restriction to Rd of a
periodic function ψ : Z
√
κ −→ C with period d√κ.
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The inverse of the finite Fourier transform l2(Rd) −→ l2(Rd) : ψ 7→ F [ψ],
where
F [ψ](n√κ) = 1√
d
ℓ∑
k=−ℓ
e−
2pii
d
nk ψ(k
√
κ). (50)
is the adjoint transformation l2(Rd)−→ l2(Rd) : ψ 7→F+[ψ], defined by
F+[ψ](n√κ) = 1√
d
ℓ∑
k=−ℓ
e
2pii
d
nk ψ(k
√
κ). (51)
The finite-difference operator D2, where
D2ψ(n√κ) = ψ((n+1)
√
κ)− 2ψ(n√κ) + ψ((n−1)√κ)
κ
(52)
is an approximation of D2, and we have
FD2F+ψ(n√κ) = d
π
(
cos 2πn
d
− 1)ψ(n√κ). (53)
The finite-difference Hamiltonian
Hd = −1
2
(D2 + FD2F+) (54)
with the matrix
− d
4π
(
2(cos 2πn
d
−2)δnm+δn,m+1+δn,m−1+δn,m−2ℓ+δn,m+2ℓ
)
−ℓ≤n,m≤ℓ (55)
that is,
− d
4π


2 cos 2π(−ℓ)
d
−4 1 0 · · · 1
1 2 cos 2π(−ℓ+1)
d
−4 1 · · · 0
0 1 2 cos 2π(−ℓ+2)
d
−4 · · · 0
...
...
...
. . .
...
1 0 0 · · · 2 cos 2πℓ
d
−4


is a finite counterpart of the Hamiltonian H and, in a certain sense [4],
Hd
d→∞−−−→ H.
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The operators H and Hd are both Fourier invariant
FH = HF and FHd = HdF . (56)
The eigenvalues of Hd are distinct, and the normalized eigenfunctions hm of
Hd, considered in the increasing order of the number of sign alternations, can
be regarded as a finite version of Hermite-Gaussian functions Ψ0,Ψ1, ...,Ψd−1.
For example, we have [4]
FΨm = (−i)mΨm and Fhm = (−i)m hm. (57)
The functions hm, called Harper functions [4], are eigenfunctions of Hd cor-
responding to certain eigenvalues λn, that is,
Hd hm = λm hm, for any m∈{0, 1, 2, ..., d−1}. (58)
The eigenvalues λn and the functions hn are available only numerically by
diagonalizing the matrix (55). Nevertheless, they play an important role in
the theory of fractional Fourier transform, optics and signal processing [14].
In practice, the option price is a discrete variable, not a continuous one.
It is an integer multiple of a certain minimal quantity, a sort of quantum
of cash (usually, 1/100 or 1/1000 of the currency unit). In our simplified
approach, we distinguish only a finite number of possible values, namely,
e−ℓ
√
κ, e(−ℓ+1)
√
κ, . . . e(ℓ−1)
√
κ, eℓ
√
κ. (59)
An acceptable description is obtained for d=2ℓ+1 large enough. In the case
of the strike price K = ek
√
κ we consider the payoff functions
vC(e
n
√
κ) =
{
0 for −ℓ ≤ n < k
en
√
κ−ek√κ for k ≤ n ≤ ℓ (60)
vP (e
n
√
κ) =
{
ek
√
κ−en√κ for −ℓ ≤ n ≤ k
0 for k < n ≤ ℓ (61)
and assume that the solutions of (16) can be approximated by functions of
the form (see (14) and (25))
V (em
√
κ, t) = e−mγ
√
κ
d−1∑
n=0
cn e
εnt hn(m
√
κ) (62)
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Figure 1: Time evolution of the option price (see the text).
with
εn = σ
2λn +
σ2
2
(γ+1)2 . (63)
Since 〈hn, hm〉 = δnm, from V (S, T ) = vP (S) we get
cn = e
−εnT
ℓ∑
q=k
(
eq
√
κ−ek
√
κ
)
eqγ
√
κhn(q
√
κ) (64)
and the corresponding solution of (16) can be approximated by
VC(e
m
√
κ, t)=e−mγ
√
κ
d−1∑
n=0
eεn(t−T ) hn(m
√
κ)
ℓ∑
q=k
(
eq
√
κ−ek
√
κ
)
eqγ
√
κhn(q
√
κ).
The solution of (16) satisfying V (S, T ) = vP (S) can be approximated by
VP (e
m
√
κ, t)=e−mγ
√
κ
d−1∑
n=0
eεn(t−T ) hn(m
√
κ)
k∑
q=−ℓ
(
ek
√
κ−eq
√
κ
)
eqγ
√
κhn(q
√
κ)
In Fig. 1 we present the values of VC(e
m
√
κ, t) (left hand side) and VP (e
m
√
κ, t)
(right hand side) for t=3 (squares), t=4 (rhombus) and maturity time T =5
(bullets) in the case d=21, σ=0.25, r=0.03 and a strike price K=e8
√
κ. In
a neighbourhood of the strike price, our results agree with those obtained by
using the standard BS equation.
6. Concluding remarks
BS equation represents a ‘gold vein’ for finance, and it is worth to dig
around it because some other very interesting things may exist. We investi-
gate from a mathematical point of view a modified version of the BS equation,
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without to know any possible financial interpretation. Our main contribution
is a finite-dimensional approach to a GBS equation which keeps the essential
characteristics of the continuous case.
The mathematical modeling of price dynamics of the financial market is
a very complex problem. We could never take into account all economic and
non-economic conditions that have influences to the market [9, 10]. There-
fore, we usually consider some very simplified and idealized models, a kind
of toy models which mimic certain features of a real stock market [2, 3]. We
think that the finite-dimensional models [5, 6, 7, 16] may offer enough accu-
racy and are more accessible numerically . They use linear operators with
finite spectrum, finite sums instead of series and integrals, finite-difference
operators instead of differential operators, etc.
The harmonic oscillator is among the most studied physical systems. Our
results open a way to use in quantum finance the rich mathematical formalism
developed around the quantum oscillator. We can use, for example, coherent
states and the coherent state quantization [11], finite frames and the finite
frame quantization [7] in order to define mathematical objects with a financial
meaning.
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